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Abstract
We analyse the Lorentz structures of weak decay matrix elements between me-
son states of arbitrary spin. Simplifications arise in the transition amplitudes
for a heavy meson decaying into the light one via a Bethe-Salpeter approach
which incorporates heavy quark symmetry. Phenomenological consequences
of our results on several semileptonic, nonleptonic and flavour changing neu-
tral current-induced decays of heavy flavoured mesons are derived and dis-
cussed.
11.30-j, 11.30.Cp, 11.30.Ly, 12.50.Ch
Typeset using REVTEX
1
I. INTRODUCTION
Decays of the b-quark into light u, d, s-quarks offer ways of testing the Standard Model
and probing new physics. Thus the b → u decays give a direct determination of the CKM
matrix element |Vub| while the flavour-changing neutral current (FCNC) induced transition
b → s allows one to extract knowledge of the yet to be discovered t-quark, and is sensitive
to new physics beyond Standard Model. Although the charmed channels b → c dominate
the total decay rate of B-meson, the much rarer decays of the b-quark into light flavoured
quarks provide important information about the parameters of the CKM matrix; in those
rare decays there is so much available phase space that it is possible to produce many
light meson resonances (p, d, f...-wave) in the final state, not just the ground state mesons.
Thus those rare processes tell us something about the hadronic structure of light meson
resonances, apart from giving us information about weak interaction elements; hadronic
matrix elements in weak decays have certainly attracted much theoretical attention since it
is hard to calculate them directly from the first QCD principles. The main purpose of this
paper is to explore and understand the Lorentz structures of transition matrix elements of
the weak current between meson states of arbitrary spin. Most of the recent progress in the
heavy quark effective theory has been concentrated in the area of heavy hadron to heavy
hadron transitions [1,3–8]; but a few results have appeared in the literature about heavy
to light hadron transitions in their ground states [2,3]. It is our aim here to extend the
arguments to the heavy to light meson resonances of arbitrary spin.
We will begin by outlining a general rule for counting the number of form factors repre-
senting independent Lorentz structures in Section II and we present explicit forms of those
elements for processes, 0 → J ′ and 1 → J ′ before detailing the general case J → J ′. It is
widely accepted that the heavy quark limit is a reliable approximation for treating mesons
and baryons containing a b-quark, as long as the recoil between the b and the light degrees
of freedom is not particularly large. Therefore in Section III we take that limit for the initial
B-mesons and show how the number of form factors is reduced. The expressions for decay
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rates (in terms of those form factors) are worked out in Section IV and our conclusions
are stated in Section V. An appendix contains some useful technicalities about sums over
polarization tensors.
II. HADRONIC MATRIX ELEMENTS
We begin with considering the matrix elements of a vector (or axial) current between
a spin J = 0 meson state of momentum p and a meson resonance of momentum p′ with
spin J ′. For the simple case when J ′ = 0, it is well-known that there are just two Lorentz
invariant form factors parametrizing the matrix element:
〈p′, 0|Jµ|p, 0〉 ≡ f1(p.p′)pµ + f2(p.p′)p′µ ≡ a+(q2)(p+ p′)µ + a−(q2)(p− p′)µ, (1)
where q = p−p′ and we have made no assumptions about current conservation at this stage.
Before we present the results for any J ′, let us take the J ′ = 1 case as an example of the
proliferation of form factors when J ′ and J grow. Here, in addition to the vectors pµ and
p′µ, we have available the final vector meson polarization vector φ
′∗
µ (p
′), satisfying φ′µp
′µ = 0.
Allowing also for the Levi-Civita tensor (since we have made no assumptions about parity
as yet), we arrive at four form factors:
〈p′, 1|Jµ|p, 0〉 ≡ [a+(q2)(p+ p′)µ + a−(q2)(p− p′)µ]pνφ′∗ν + f(q2)φ′∗µ + ig(q2)ǫµαβγφ′∗αpβp′γ .
Naturally, if we impose parity conservation, then either one or three of the above structures
disappear.
For higher spin J ′, we may represent the final meson by a Lorentz tensor of rank J ′,
namely φ′∗{µ1···µJ′}(p
′); it is of course transverse to p′, symmetric and traceless. Because the
final result must be a Lorentz vector, the indices of the polarization tensor may either be
completely saturated with p to form the scalar φ′∗{µ1···µJ′}p
µ1 · · · pµJ′ , or we may leave one
index free, φ′∗{µµ2···µJ′}p
µ2 · · · pµJ′ . As well we should allow for a Levi-Civita tensor coupling
to the polarization tensor in the form
ǫµµ1αβ(φ
′∗{µ1µ2···µJ′}pµ2 · · · pµJ′ )pαp′β .
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Altogether then we can construct the vectorial matrix element
〈p′, J ′ ≥ 1|Jµ|p, 0〉 = a(J
′)
+ (q
2)(φ′∗{µ1···µJ′}p
µ1 · · · pµJ′ )(p+ p′)µ
+a
(J ′)
− (q2)(φ′∗{µ1···µJ′}p
µ1 · · · pµJ′ )(p− p′)µ
+f (J
′)(q2)(φ′∗{µµ2···µJ′}p
µ2 · · · pµJ′ )
+ig(J
′)(q2)ǫµµ1αβ(φ
′∗{µ1µ2···µJ′}pµ2 · · · pµJ′ )pαp′β.
(2)
Some remarks are in order at this stage:
(1) Except for the case J ′ = 0 case where the number of independent form factors is two,
there are at most four form factors for arbitrary higher spin J ′ when J = 0.
(2) The number of form factors depends of course on the angular momentum which the
current carries. The transverse part of a vector (or axial) current will carry spin-1, while the
longitudinal part corresponds to spin-0 and is not relevant for conserved currents. Thus we
may associate three pieces of (2) with orbital angular momentum J ′ + 1, J ′ and J ′ − 1 for
the transverse current, and one orbital piece J ′ for the longitudinal current. In the special
case J ′ = 0, one transverse form factor and one longitudinal form factor survive.
(3) Keeping these points in mind and following the authors of ref. [10], it is appropriate to
express the vectorial matrix element for general J ′ in the form,
〈p′, J ′|Jµ|p, 0〉 = F (J
′)
0 (q
2)(φ′∗{µ1···µJ′}p
µ1 · · · pµJ′ )M2−M ′2
q2
qµ
+F
(J ′)
1 (q
2)(φ′∗{µ1···µJ′}p
µ1 · · · pµJ′ )[(p+ p′)µ − M2−M ′2q2 qµ],
+F
(J ′)
2 (q
2)
[
φ′∗{µµ2···µJ′}p
µ2 · · · pµJ′ − qµ
q2
φ′∗{µ1···µJ′}p
µ1 · · · pµJ′
]
+F
(J ′)
3 (q
2)ǫµαβγφ
′∗{αµ2···µJ′}pµ2 · · · pµJ′pβp′γ,
(3)
where the last two terms are not present when J ′ = 0.
With the experience gained from the work presented in previous paragraph, we may now
analyse matrix elements between initial spin-1 state and a final state of arbitary spin. For
the 1→ 0 case, all results for 0→ 1 discussed previously are retained except that one should
replace the final polarization vector by the initial one and exchange momenta (crossing).
When both final and initial spins are 1, we have two polarization vectors, the initial
φµ and the final φ
′∗
ν ; the matrix element is a bilinear of them. From them we can firstly
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construct scalar invariants like
(φµp
′µ)(φ′∗ν p
ν), (φµφ
′∗µ), ǫαβγδφαφ′∗β pγp
′
δ.
In combination with either pµ or p
′
µ, each of the above three scalars generates two form
factors; so at the moment we have six in all. Next, allowing the polarization vectors to carry
the Lorentz index of the current, we gain two more form factors:
φµ(φ
′∗
ν p
ν), (φνp
′ν)φ′∗µ .
Finally, using the Levi-Civita tensor we get two more structures,
ǫµαβγφ
αφ′∗βpγ and ǫµαβγφαφ′∗βp′γ.
In all there are therefore ten form factors in the case J = J ′ = 1. Although one can
contemplate structures like
(φ′νp
ν)ǫµαβγφαpβp
′
γ, (φνp
′ν)ǫµαβγφ′αpβp
′
γ ,
the identity
Pµǫαβγλ = Pαǫµβγλ + Pβǫαµγλ + Pγǫαβµλ + Pλǫαβγµ,
can be massaged to show that these new terms are not independent of the previous ones.
Now we proceed to matrix elements for 1 → J ′ ≥ 2. Besides the polarization vector φµ
of the initial meson, we have the Lorenz tensor of rank J ′, φ′{µ1···µJ′} for the final meson.
When this polarization tensor occurs in the contracted vector form
ϕ′µ = φ
′
{µµ2···µJ′}p
µ2 · · · pµJ′ ,
we can repeat the earlier analysis (1 → 1) and obtain ten form factors. In addition we
should consider the possibility that two indices remain uncontracted:
ϕ′µν = φ
′
{µνµ3···µJ′}p
µ3 · · · pµJ′ ,
from which we can build two more vectorial covariants, φνϕ′µν and ǫ
µαβγφνϕ′ανpβp
′
γ . Hence
the number of form factors rises to twelve. As far as the counting is concerned, this ties in
very nicely with the classical analysis based on angular momentum addition:
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(1) Letting S = 1 correspond to the transverse current and coupling it to J = 1, we obtain
total spin 2, 1, 0. To these we may add orbital angular momenta L = J ′ + 2, J ′ + 1, J ′, J ′ −
1, J ′−2, L = J ′+1, J ′, J ′−1 and L = J ′, respectively. Consequently, there are 5+3+1 = 9
form factors when J ′ ≥ 2.
(2) Setting S = 0 for the longitudinal part, there is only total spin 1 (of the initial meson).
So here we get 3 form factors, associated with L = J ′ + 1, J ′, J ′ − 1, provided that J ′ ≥ 1.
Adding (1) and (2), the total (maximum) number of form factors is twelve — but is of course
reduced to a fewer number when J ′ ≤ 1.
We are now in a position to outline the general rule for counting how many independent
form factors are needed to describe a vector (or axial) current between spin-J and spin-
J ′ meson states. The analysis is best carried out in the channel of the current. First we
decompose the current itself into a transverse part (S = 1) and a longitudinal part (S = 0).
Secondly we compose the spins of the two mesons into the set
J + J ′, J + J ′ − 1, . . . , |J − J ′|
and ask what angular momentum values L are needed to give total spin S. For S = 0, L
necessarily equals the total mesons’ spin, while for S = 1 there is a three-fold possibility for
L (assuming the total mesons’ spin exceeds 0). Hence the total number of L-values, and
thus form factors, equals the sum N of N0 and N1 where
N0 = 1 + 2Min(J, J
′); S = 0
N1 = 1 +
2Min(J,J ′)∑
k=0
[1 + 2Min(1, |J − J ′|+ k) + 1]; S = 1,
leading to
N = 4(2J ′ + 1); for J ′ < J,
N = 4(2J + 1)− 2; for J ′ = J,
N = 4(2J + 1); for J ′ > J.
These structures may be given a Lorentz covariant form. We shall not write them all out as
they are not needed in the present investigation. We will just content ourselves by stating
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what they reduce to at a special kinematical point, zero recoil, where Mp′ = M ′p and
M,M ′ stand for the masses of the mesons in the initial and final states. In this limit only
3 structures survive for the element 〈J ′|Jλ|J〉, namely,
φ′∗{µ1···µJ′}φ{λµ1···µJ′}; J
′ = J − 1,
φ′∗{µ1···µJ}φ{µ1···µJ}(p+ p
′)λ; J ′ = J,
φ′∗{λµ1···µJ}φ
{µ1···µJ}; J ′ = J + 1.
III. HEAVY TO LIGHT TRANSITIONS
It has been demonstrated that Bethe-Salpeter approach is as useful as the so-called tensor
method of the heavy quark effective theory for treating hadronic matrix elements [3,6,8]. We
shall use this approach, incorporating heavy quark symmetry, to investigate weak decays of
a heavy meson into light resonances in this section. In analogy to the interpolating field
method, we shall consider the Bethe-Salpeter amplitude φβα =< 0|TQαq¯β|p > for the meson
state in momentum-space,
φβα = [χ(µ1···µL)(p)]
σ
ρ (A
µ1···µL)ρβσα, (4)
where the spin-parity projector χ represents the Lorentz-covariant wavefunction of the ex-
ternal meson. The structure of spin-parity projectors for resonances of higher spin have been
worked out by us [7,8] and here we just list the results:
χ
(1LL)
(µ1···µL)(p) = γ5P{µ1···µL}(p), (5)
χ
(3LL+1)
(µ1···µL)(p) = γ
µV L+1{µµ1···µL}(p), (6)
χ
(3LL)
(µ1···µL)(p) = −iγµ
∑
k
pλ
m
ǫλµµkνd
νν′(p)V L{µ1···k¯···µLν′}(p), (7)
and
7
χ
(3LL−1)
(µ1···µL)(p) = γ
µ
[∑
k
dµµk(p)V
L−1
{µ1···k¯···µL}(p)−
2
2L− 1
∑
kl
dµkµl(p)V
L−1
{µµ1···k¯l¯···µL}(p)
]
, (8)
where we have adopted the standard notation 2S+1LJ and dµν(p) is given in the Appendix.
The parity of the meson resonances is given by (−1)L+1 and CP = −1 for the singlet and
+1 for triplet. When a heavy meson contains an on-shell heavy quark, one has further
φβα = [
1+ 6 v
2
χ(µ1···µL)(v)]
σ
α (A
µ1···µL)βσ. (9)
For heavy mesons, it is conventional to organize the terms as eigenfunctions of projectors
corresponding to the total angular momentum of the light degrees of freedom. Even though
we really have no detailed knowledge of the configuration of the light degrees of freedom, the
decoupling of the heavy quark spin tells us the two components in a doublet generated by
the heavy quark spin operator tie in with those of the light degrees of freedom. Using this
line of argument the spin-parity operators have been presented by Falk [5] and are related
to ours through Clebsch-Gordan coefficients. We will return to this issue soon. The matrix
element for the heavy to light transition takes the form [9]
< XL(p)|q¯Γhv|X(v) >= Tr
[
Mν1···νL(v, p)Γ
1+ 6 v
2
χ(ν1···νL)(v)
]
. (10)
The overlap integralM involves the light degrees of freedom in both heavy and light hadrons
and embodies the spin and parity of the light meson,
(Mν1···νL)βα = [χ¯(µ1···µL′ )(p)]
σ
ρ [Mµ1···µL′ ;ν1···νL(p, v)]ρβσα. (11)
Here Mµ1···µL;ν1···νL is a Lorentz tensor with parity (−1)L+L′, which contains all the non-
perturbative physics of the matrix element, carrying also the symmetry properties of the
external current Γ. However, as far as the multispinor is concerned, we can always decompose
M intoM = D⊗D, withD being one of Γ = I, γ5, γλ, γλγ5, σλγ , and attribute all momentum
dependence to D. Thus we can always rewrite the overlap integral in the form
Mβα = DβαTr[Dχ¯(p)]. (12)
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Evidently for S = 0 resonances, only the contribution corresponding to D = γ5 to the
overlap integral M survives, whilst the part D = γλ is associated with S = 1. Based on
this, we shall construct the most general form of M in terms of the tensors P and V , which
are symmetric, transverse and traceless.
(1) s-wave → J ′
Firstly let us examine decays of a heavy meson of the (0−, 1−) doublet into a light
resonance of higher spin. The spin-parity projector for the heavy meson is spin-0, i.e.
χ = γ5 and γ · V , so we need only find the general form for the overlap integral with no
Lorentz index. For a final resonance which is a spin singlet, we remain with
M (
1L′
L′
)(v, p) = γ5
[
G
(1L′
L′
)
1 (v · p) +G
(1L′
L′
)
2 (v · p) 6 p
]
vµ1 · · · vµL′P{µ1···µL′}(p)
+ γ5
[
G
(1L′
L′
)
3 (v · p) +G
(1L′
L′
)
4 (v · p) 6 p
]
γµ1vµ2 · · · vµL′P{µ1···µL′}(p).
(13)
To explain why that is all, we note that P{µ1···µL′} is transverse to p and traceless so that only
products of vµ and γµ may be contracted with it. Hence a product involving vµ purely gives
the first two form factors in Eq.(13). Furthermore, since γµγν = gµν − iσµν , and bearing in
mind the symmetry property, two gamma matrices are not permitted; only one γµ is allowed,
its position being irrelevant. Hence we have the second two terms (which are absent when
L′ = 0).
We turn now to the spin triplet. For J ′ = L′ +1 resonances, we shall build up the Dirac
bispinor M using V L
′+1
{µµ1···µL′}(p) and v and Dirac matrices. Notice that V
L′+1 has the same
properties as P in Eq.(13), except for the rank which does not matter. This leads us to
M
(3L′
L′+1
)
(v, p) =
[
G
(3L′
L′+1
)
1 (v · p) + G
(3L′
L′+1
)
2 (v · p) 6 p
]
vµvµ1 · · · vµL′V L′+1{µµ1···µL′}(p)
+
[
G
(3L′
L′+1
)
3 (v · p) + G
(3L′
L′+1
)
4 (v · p) 6 p
]
γµvµ1 · · · vµL′V L′+1{µµ1···µL′}(p).
(14)
The analysis for J ′ = L′ resonances of the spin triplet instead goes as follows. On the face
of it we can construct the following Lorentz scalars
γµ
∑
k
pλ
m
vµkǫλµµkνd
νν′V L
′
{µ1···k¯···µL′ν′}(p) v
µ1 · · · vµL′︸ ︷︷ ︸
without vµk
,
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γµ
∑
k
pλ
m
γµkǫλµµkνd
νν′V L
′
{µ1···k¯···µL′ν′}(p) v
µ1 · · · vµL′︸ ︷︷ ︸
without vµk
,
γµ
∑
k
pλ
m
vµkǫλµµkνd
νν′V L
′
{µ1···k¯···µL′ν′}(p)γ
µ1 vµ2 · · · vµL′︸ ︷︷ ︸
without vµk
,
γµ
∑
k
pλ
m
γµkǫλµµkνd
νν′V L
′
{µ1···k¯···µL′ν′}(p)γ
µ1 vµ2 · · · vµL′︸ ︷︷ ︸
without vµk
,
and terms with an additional 6 p. However using identities
iγµǫµνλσ = γ5(gνλγσ + gλσγν − gσνγλ − γνγλγσ),
and
iσµνǫµνλσ = 2γ5σλσ,
all of these structures can be reduced into four independent forms, namely
M (
3L′
L′
)(v, p) = γ5
[
G
(3L′
L′
)
1 (v · p) +G
(3L′
L′
)
2 (v · p) 6 p
]
V L
′
{µ2···µL′ν′}(p)v
µ2 · · · vµL′vν′
+ γ5
[
G
(3L′
L′
)
3 (v · p) +G
(3L′
L′
)
4 (v · p) 6 p
]
V L
′
{µ2···µL′ν′}(p)v
µ2 · · · vµL′γν′
(15)
Apart from the change in the value of S the structure of M(v, p) is exactly the same as that
for resonances of spin singlet in Eq.(13). Following a similar procedure it is straightforward
to work out the results for spin triplet of J ′ = L′ − 1; these read
M
(3L′
L′−1
)
(v, p) =
[
G
(3L′
L′−1
)
1 (v · p) +G
(3L′
L′−1
)
2 (v · p) 6 p
]
vµ2 · · · vµL′V L′−1{µ2···µL′}(p)
+
[
G
(3L′
L′−1
)
3 (v · p) +G
(3L′
L′−1
)
4 (v · p) 6 p
]
γµ2vµ3 · · · vµL′V L′−1{µ2µ3···µL′}(p),
(16)
in which only the first two form factors contribute when L′ = 1.
Compared with the general problem, discussed in Section II, the simplification resulting
from the heavy quark approximation is two-fold: in the first place the decaying 1− meson
shares the same complexity as a 0− meson; given the state of the light degrees of freedom
of the (0−, 1−) doublet, the overlap integral is actually determined by the state of the
light resonance; in the second place a set of four ‘universal’ form factors are sufficient to
parametrize all matrix elements of bilinear operators q¯Γhv for each
2S+1LJ -configuration.
However given a particular current it is possible for some of them to be absent.
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(2) p-wave → J ′
Here it will prove convenient to mix the 1P1 and
3P1 states of the heavy decaying meson
to track the spin of the constituent light degrees of freedom. The way to do this has been
delineated in ref. [5], and in our case we state the decomposition much more explicitly. Given
our spin-parity projectors for p-wave,
χ(
1P1)
ν = γ5φ
5
ν
χ(
3P2)
ν = φνλγ
λ, χ(
3P1)
ν = −γ5[φν − (φλγλ)(γν − vν)], χ(
3P0)
ν = −(γν − vν),
we arrange them into a pair of doublets corresponding with two distinct states of the total
light angular momentum. Thus the doublet of higher spin (1+, 2+) is
χ(⇑)ν =

 −φνλγ
λ
γ5[ϕν − 1
3
(ϕλγ
λ)(γν − vν)]

 ,
and the lower spin doublet (0+, 1+) is
χ(⇓)ν =

 γ5(
1
3
ϕλ − 1√2φλ)γλ
1√
3

 (γν − vν),
where ϕν ≡ φ5ν + 1√2φν and the constraint, γνχ(⇑)ν = 0 applies to the components of (1+, 2+)
doublets. In fact when we take the trace according to Eq.(10) with the spin-parity projector
of (0+, 1+), the vector factor (γν − vν) in the χ(⇓)ν can be absorbed into Mν(v, p), leaving
us a scalar matrix in Dirac space. The ensuing analysis is thus exactly the same as the
(0−, 1−) doublet and we do not repeat it here. With respect to the projector for the χ(⇑)ν
doublet, we construct
(Mν)βα = p
ν [χ¯(p)]σρ [M0(p, v)]ρβσα,
for L′ = 0 and like before, the scalarM0 can be expressed in terms of two unknown functions.
When L′ = 1, we have
(Mν)βα = p
ν [χ¯µ(p)]
σ
ρ [Mµ1 (p, v)]ρβσα,
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which formally has the the same structure as the M in Eq.(13). In addition to those four
form factors, we need two more to describe
(Mν)βα = [χ¯
ν(p)]σρ [M1(p, v)]ρβσα,
making a total of six. A similar analysis for L′ ≥ 2 produces the forms
(Mν)βα = p
ν [χ¯(µ1···µL′ )(p)]
σ
ρ [Mµ1···µL′ (p, v)]ρβσα.
(Mν)βα = g
µ1ν [χ¯(µ1µ2···µL′ )(p)]
σ
ρ [Mµ2···µL′ (p, v)]ρβσα,
to each of which belong four form factors. Therefore we finish up with eight form factors.
(As discussed before, there are four unknown functions for the first Mν above and another
four for the second when L′ > 1 — but only two when L′ = 1. However if L′ = 0, only the
two form factors from the first Mν contribute.)
In summary, we have two universal form factors for the transition from heavy p-wave to
light s-wave, six form factors to light p-wave, and eight to light d-wave or states of higher
spin.
(3) L-wave → J ′
We are now in a position to complete our analysis for the general case. We rearrange
the four states, 3LL+1,
3LL,
3LL−1, and 1LL into a pair of doublets:
χ
(⇑)
(ν1···νL) =


−φL+1{ν1···νLλ}γλ
γ5
[
ϕL{ν1···νL} −
1
2L+ 1
∑
k
ϕL{ν1···k¯···νLλ}γ
λ(γνk − vνk)
]

 ,
and
χ
(⇓)
(ν1···νL) =
∑
k


γ5
(
1
2L+ 1
ϕL{ν1···k¯···νLλ} −
1√
2L
φL{ν1···k¯···νLλ}
)
γλ
1
L
√
2L−1√
2L+1
[
φL−1{ν1···k¯···νL}−
1
2L−1
∑
l
φL−1{ν1···k¯l¯···νLλ}γ
λ(γνl+vνl)
]

(γνk−vνk),
with
ϕ{ν1···νL} = φ
5
{ν1···νL} +
1√
2
φ{ν1···νL}.
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(The ‘mixing angle’ is uniform for all L.) For the higher spin doublet (L, L+1) we have the
following L′ + 1-fold structures, when L′ ≤ L,
(Mν1···νL)βα = p
ν1 · · · pνL[χ¯(µ1···µL′ )(p)]σρ [Mµ1···µL′ (p, v)]ρβσα,
(Mν1···νL)βα = g
ν1µ1pν2 · · · pνL[χ¯(µ1···µL′ )(p)]σρ [Mµ2···µL′ (p, v)]ρβσα.
· · · · · ·
and
(Mν1···νL)βα = g
ν1µ1 · · · gνL′µL′pνL′+1 · · ·pνL [χ¯(µ1···µL′ )(p)]σρ [M(p, v)]ρβσα.
As before to each of these objects corresponds four form factors, except the last one which
just has two form factors. Altogether then there are 4L′+2 form factors. On the other hand,
if L′ > L it is easy to work out that the number of the form factors is 4(L + 1). Turning
next to the doublet of lower spin (L− 1, L), we can surely absorb the factors like (γνk − vνk)
into the overlap integral and thereby consider the case of a Lorentz tensor of rank L − 1.
This leads us to the conclusion that the number of independent form factors is 4L′ + 2 if
L′ ≤ L− 1, but 4L if L′ > L− 1.
The situation for heavy to heavy transitions is simpler. Since the spin-parity projector
for the final resonance is also a Rarita-Schwinger object (γµP{µ · · ·} = 0), form factors
G
(2S+1L′
J′
)
3 and G
(2S+1L′
J′
)
4 do not contribute, and G
(2S+1L′
J′
)
1 and G
(2S+1L′
J′
)
2 collapse into one
form factor for an on-shell heavy quark ( 6 p =M ′).
IV. EXCLUSIVE DECAY RATES
Based on the matrix elements obtained previously, we shall now evaluate rates for various
exclusive processes including semileptonic, non-leptonic and rare decays. We shall restrict
ourselves to pseudoscalar B¯-decays into the light resonances of spin-J . Thus we make the
substitutions J → 0 and J ′ → J in the earlier formulae. As expected, all of these exclusive
rates are written in terms of 4 form factors. Here are the results case by case.
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A. Non-leptonic B-decays into K-meson resonances plus charmonia
We consider the 2-body hadronic decays B¯ → Ki(c¯c), in which charmonia (c¯c) could be
J/ψ, ψ′, χ1c, ηc, etc.. The effective Hamiltonian relevant to processes b→ sc¯c is given by [11]
Heff = Cs¯γ
µ(1− γ5)b c¯γµ(1− γ5)c, (17)
with
C =
GF√
2
(c1 + c2/3)V
∗
csVcb.
Here Vcs and Vcb are elements of CKMmatrix and c1 and c2 are Wilson coefficients. Assuming
factorization and using decay constants fP qµ =< 0|c¯γµγ5c|(c¯c)P > for the pseudoscalar
charmonium like ηc, and fV φµ =< 0|c¯γµc|(c¯c)V > for the vector charmonium like J/ψ,
results in
Heff(b→ s(c¯c)P ) = CfP qµs¯γµ(1− γ5)b, (18)
and
Heff(b→ s(c¯c)V ) = CfV φµs¯γµ(1− γ5)b. (19)
The exclusive decay rate for B¯ → Ki(c¯c)P depends only upon the longitudinal part of
the matrix element, namely the F0-term of the parametrization in Eq.(3). Making use of
the general formula for polarization sums in the Appendix, we arrive at the decay rate
Γ(B¯ → Ki(c¯c)P ) = 2
J(J !)2f 2P
8π(2J)!
|C|2(Mi
M2
)(M2 −M2i )2
[
(v · p)2
M2i
− 1
]J+ 1
2
|MJF (J)0 (v · p)|2,
(20)
with v · p = (M2 +M2i −M )P /2M. This longitudinal form factor F0 may be related our to
our set Gi via
F
(J)
0 =
2
M
J−1
2 (M2−M2
i
)
[(M − v · p)G(2S+1LJ )1 ∓ (M2i −Mv · p)G(
2S+1LJ )
2
±MG(2S+1LJ )3 −M2i G(
2S+1LJ )
4 ],
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where the upper sign applies to J = L and the lower one to J = L± 1.
Similarly, the Lorentz invariant form factors in Eq.(2) for V − A currents are related to
our Gi by
a
(J)
+ =
1
M
J− 1
2
(
G
(2S+1LJ )
1
M
±G(2S+1LJ )2 −G(
2S+1LJ )
4 )
a
(J)
− =
1
M
J− 12
(
G
(2S+1LJ )
1
M
∓G(2S+1LJ )2 +G(
2S+1LJ )
4 )
f (J) = 2
M
J−3
2
[±G(2S+1LJ )3 + (v · p)G(
2S+1LJ )
4 ]
g(J) = 2
M
J− 1
2
G
(2S+1LJ )
4 .
When (c¯c) is a vector, the form factor a
(J)
− does not contribute to the amplitude because
φµq
µ = 0. It is straightforward, though tedious, to calculate the decay rate using Eq.(2);
the result reads
Γ(B¯ → Ki(c¯c)V ) = 2
J(J !)2f 2V
16π(2J)!
|C|2
(
M3i
M2
) [
(v · p)2
M2i
− 1
]J− 1
2

8M
2
M2V
∣∣∣∣∣[ (v · p)
2
M2i
− 1]MJa(J)+ +
1
2
(
v · p
Mi
− Mi
M
)
MJ−1f (J)
Mi
∣∣∣∣∣
2
+
J + 1
J

∣∣∣∣∣M
J−1f (J)
Mi
∣∣∣∣∣
2
+ [
(v · p)2
M2i
− 1]
∣∣∣MJg(J)∣∣∣2



 ,
(21)
where all form factors are fixed at v · p = (M2 +M2i −M2V )/2M.
B. Semileptonic B-decays into light flavoured meson resonances
The amplitude for B¯ → Xqlν¯l contains hadronic and leptonic currents
GF√
2
VqbLµ < Xq(p
′)|q¯γµ(1− γ5)b|B¯(p) >, (22)
in which Lµ = u¯lγµ(1− γ5)vνl. Once again a(J)− -term in Eq.(2) makes no contribution in the
limit of massless leptons and the differential distribution of the B¯-decay is given by
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dΓ
dq2dΩldΩ′
=
2J(J !)2
(4π)5(2J)!
(
GF√
2
)2
|Vqb|2(Mi
M
)(
q2
M2
)
(
∆
Mi
)2J−1

 8q2M2i [∆2 − (k · p)2]
∣∣∣∣∣∆ a(J)+ + p
′ · q
2∆
f (J)
∣∣∣∣∣
2
+
J + 1
J

[∆2 + (k · p)2]

∣∣∣∣∣f
(J)
∆
∣∣∣∣∣
2
+ |g(J)|2

+ 4(k · p)Re(f (J) g(J)∗)



 ,
(23)
where Ωl is the solid angle of the lepton in the rest (lν¯l) frame where ~q = 0, Ω
′ the angle of
the final meson in the rest frame of the initial meson and ∆2 = M2[(v · p)2 −M2i ]. As these
form factors depend only on q2, we integrate over all angles to obtain
dΓ
dq2
=
2J(J !)2
48π3(2J)!
(
GF√
2
)2
|Vqb|2(Mi
M
)3q2
(
∆
Mi
)2J+1

 4
q2M2i
∣∣∣∣∣∆ a(J)+ + p
′ · q
2∆
f (J)
∣∣∣∣∣
2
+
J + 1
J

∣∣∣∣∣f
(J)
∆
∣∣∣∣∣
2
+ |g(J)|2



 .
(24)
We notice that the contribution of a
(J)
+ is suppressed near the zero recoil point, v · p = Mi,
where the heavy quark approximation is supposed to work well; the differential distribution
is then dominated by form factors G
(2S+1LJ )
3 and G
(2S+1LJ )
4 .
C. Radiative rare B-decays into K-meson resonances
The radiative rare decays induced by the FCNC at the loop level of the standard model
are mediated by an effective Hamiltonian [12]
Heff = Cγmbǫ
∗
µs¯σ
µνqν(1 + γ5)b, (25)
where mb is the mass of the bottom quark, ǫ
∗
µ the photon polarization vector,
Cγ = −GF√
2
(
e
4π2
)C7V
∗
tsVtb,
and C7 is a Wilson coefficient. The exclusive decay rate here reads
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Γ(B¯ → Kiγ) = 2
J(J !)2
8π(2J)!
J + 1
J
|Cγ|2(mbM)2
[
(v · p)2
M2i
− 1
]J
|H(J)(v · p)|2, (26)
with v · p = (M2 +M2i )/2M. There is but a single form factor H(J) and this is related to
our form factors Gi,
H(J) = ±G
(2S+1LJ )
3
M
+G
(2S+1LJ )
4 ,
with the upper (lower) sign for J = L (J = L ± 1). The ground state version of similar
relation was obtained in ref. [2].
V. CONCLUSION
We have outlined the general Lorentz structure for matrix elements of current operators
between meson states with arbitrary spins with particular focus on a pseudoscalar (or scalar)
meson decaying into resonances of higher spin. The matrix element for these processes
resembles very closely the extensively studied 0− → 1− decays. Without reference to parity,
three form factors pertain to the transverse (conserved) part of the current. One extra form
factor is needed to describe the longitudinal part. If the full angular distribution of the
exclusive rate can be determined experimentally then it is possible in principle to extract
each of the 4 form factors.
Using the heavy quark approximation for the decaying heavy flavoured meson, we may
achieve a great simplification in the matrix elements, reflected in a decrease of the number
of form factors; such matrix elements may be expressed in terms of a set of universal form
factors which are independent of the mass and spin of the heavy quark inside the decaying
heavy meson, as well as the Dirac structure of the current operator. Four of these form
factors, for instance, are sufficient to parametrize any matrix elements between 0− and spin-
J states. Importantly, this allows us to link various decay processes induced by different
currents: for example, semileptonic decays via V −A and rare decays by an effective current
(arising from one-loop diagrams).
At the phenomenological level, we have formulated rates for various exclusive B¯-decays
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into light resonances of higher spin and expressed them in terms of certain universal form
factors. As more experimental measurements of B¯-decays become available in the near
future, we may hope to determine these form factors through different decay modes and
thereby test the heavy quark approximation. To be sure all of these results can be applied
to D-meson decays too, as long as we assume the charm quark is heavy enough compared
to the QCD scale. In this way one may use the heavy flavour symmetry to relate universal
form factors between B-meson and D-meson decays.
A parallel analysis for baryonic states is currently being undertaken.
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APPENDIX: POLARIZATION SUMS
We first carry out the polarization sums in the rest frame of the spin J meson ~p′ = 0.
Representing such a polarization tensor by a space-like, symmetric, traceless vector with J
indices, φ
(λ)
i1···iJ , the fundamental formula is
∑
(λ)
qi1 · · · qiJφ(λ)i1···iJφ∗(λ)j1···jJ q′j1 · · · q′jJ =
2J(J !)2
(2J)!
(|~q||~q′|)JPJ(~n · ~n′)
where n and n′ are unit vectors along arbitray vectors ~q and ~q′. Setting q = q′ = p we obtain
the elementary result, ∑
λ
|pi1 · · · piJφ(λ)i1···iJ |2 =
2J(J !)2
(2J)!
|~p|2J .
By differentiating the first formula with respect to q and q′ we may peel off indices, one at
a time. Doing this just once for q and q′, we get
∑
λ
qi2 · · · qiJφ(λ)ii2···iJ q′j2 · · · q′jJφ(λ)∗jj2···jJ
=
2J(J !)2
J2(2J)!
(|~q||~q′|)J−1
[
δijP
′
J − (ninj + n′in′j)P ′′J−1 + nin′j(P ′′J−2 − 2P ′′J−1) + n′injP ′′J
]
.
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Then setting q = q′ = p, one obtains
∑
λ
pi2 · · · piJφ(λ)ii2···iJφ(λ)∗jj2···jJp′j2 · · · p′jJ
=
2J(J !)2
(2J)!
|~p|2(J−1)
[
J + 1
2J
δij +
J − 1
2J
pipj
|~p|2
]
.
This trick can be continued to free up all the indices, but fortunately this will not be required
in what follows.
Boosting the above results to an arbitrary frame is easy: one simply makes the replace-
ments,
δij → −gµν +
p′µp
′
ν
M ′2
≡ dµν(p′), pi → pµ − p · p
′
M ′2
p′µ, φ
(λ)
i1···iJ → φ(λ)µ1···µJ ,
leading to ∑
λ
|pµ1 · · · pµJφ(λ)µ1···µJ (p′)|2 =
2J(J !)2
(2J)!
(
∆
M ′
)2J
,
and
∑
λ
pµ2 · · · pµJφ(λ)µµ2···µJ (p′)pν2 · · · pνJφ(λ)∗νν2···νJ (p′)
=
2J(J !)2
(2J)!
(
∆
M ′
)2(J−1) (J + 1)
2J
dµν(p
′) +
(J − 1)
2J
(pµ − p·p′M ′2p′µ)(pν − p·p
′
M ′2
p′ν)
( ∆
M ′
)2

 ,
where ∆2 ≡ p4 + p′4 + q4 − 2p2q2 − 2p′2q2 − 2p2p′2 and q = p− p′.
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